Abstract. We compute the arithmetic L-invariants (of Greenberg-Benois) of twists of symmetric powers of p-adic Galois representations attached to Iwahori level Hilbert modular forms (under some technical conditions). Our method uses the automorphy of symmetric powers and the study of analytic Galois representations on p-adic families of automorphic forms over symplectic and unitary groups. Combining these families with some explicit plethysm in the representation theory of GL (2), we construct global Galois cohomology classes with coefficients in the symmetric powers and provide formulae for the L-invariants in terms of logarithmic derivatives of Hecke eigenvalues.
When F is a number field and ρ : G F → GL(n, Q p ) is a geometric Galois representation one may still formulate the above conjecture for Ind We now describe the main results of this article. Let F be a totally real field which is unramified at all places v | p and let π be a cohomological Hilbert modular form (cf. Section 2.1). Let V 2n = Sym 2n ρ π,p ⊗ det −n ρ π,p where ρ π,p is the p-adic representation of G F attached to π. In the following, when computing L-invariants of V 2n , we will assume that the Bloch-Kato Selmer group H 1 f (F, V 2n ) vanishes (when n = 1 this is mostly known; see the recent article of P. Allen [All14] for up-to-date results on the subject) and technical condition (C4) from Section 1.2. We will also assume that π v is Iwahori spherical at v | p. Fixing a basis e 1 ,e 2 for D st (ρ π,p | G Fv ), we fix a regular submodule D v ⊂ D st (V 2n | G Fv ) as in Section 2.2. We remark now that the most difficult case occurs when V 2n is crystalline at v and this article provides the first results in this case when n > 3 (in the semistable cases, the result is either quite easy or, at least in the p-ordinary case, follows from the work of Hida [Hid07] ).
We begin with the case of V 2 . Suppose that if π v for v | p is an unramified principal series then the Satake parameters are distinct. Further suppose that the Hilbert eigenvariety E around π and the refinement of π v giving the ordering e 1 ,e 2 isétale over the weight space around the point corresponding to π (cf. Section 4.1). Such a formula for p-ordinary elliptic modular forms was obtained first by Hida [Hid04] and then by the first author [Har09] (under the assumption H 1 f (Q,V 2 ) = 0 used here). In [Mok12] , Mok proved this result for finite slope modular forms over Q.
For higher symmetric powers, we must assume π is not CM, so that certain of its symmetric powers are actually cuspidal. When F = Q, the CM case has been dealt with in [Har13, HL14] .
For the case of V 6 , we follow [Har09, Har12] and use the RamakrishnanShahidi lift Π of Sym 3 π to GSp(4). Suppose that π is not CM and that if π v for v | p is an unramified principal series then the ratio of the Satake parameters is not in μ 60 (this condition is necessary for the existence of global triangulations). Further suppose that the genus 2 Siegel-Hilbert eigenvariety E around Π and the p-stabilization of Π v giving the ordering e 1 ,e 2 isétale over the weight space around the point corresponding to Π (cf. This generalizes the main result of [Har09, Har12] which computes the arithmetic L-invariant of V 6 in the case of p-ordinary elliptic modular forms.
The first computation of L-invariants of V 2n for general n we present uses symplectic eigenvarieties and is, for now, conditional on the stabilization of the twisted trace formula (this is necessary for the construction of an analytic Galois representation). Suppose π is not CM, and that for v | p such that π v is unramified the ratio of the Satake parameters is not in μ ∞ (again, necessary for the existence of global triangulations). Suppose π satisfies the hypotheses of Theorem 8(2) and let Π be a suitable twist of the cuspidal representation of GSp(2n, A F ) from Theorem 11. Let E be Urban's eigenvariety for GSp(2n) and let a v,i be the analytic Hecke eigenvalues from the proof of Lemma 20. Suppose that the eigenvariety E isétale over the weight space at the p-stabilization of Π corresponding to the ordering e 1 ,e 2 .
THEOREM C. (Theorem 30)
If u = (u 1 ,... ,u n ; u 0 ) is any direction in the weight space, then
where we write B i = (−1) i 2n n+i i.
As mentioned earlier, the results of Hida [Hid07] address the case where V 2n is ordinary and semistable but not crystalline.
Our second computation of L-invariants for V 2n uses unitary groups, is also conditional on the stabilization of the twisted trace formula, and is more restrictive. It however has the advantage that the work of Eischen-Harris-Li-Skinner [EHLS16] provides several-variable p-adic L-functions for Hida families on unitary groups and thus the second step of the Greenberg-Stevens method may be closer at hand. As above suppose π is not CM, and that for v | p such that π v is unramified the ratio of the Satake parameters is not in μ ∞ . Assume Conjecture 12 and suppose π satisfies the hypotheses of Theorem 8(2) and Proposition 13 (the latter requires π v to be special at two finite places not above p). Let E/F the CM extension and Π the cuspidal representation of U 4n (A F ) to which there is a transfer of a twist of Sym 4n−1 π as in Proposition 13. Let E be Chenevier's eigenvariety and let a v,i be the analytic Hecke eigenvalues from the proof of Corollary 25. Suppose that the eigenvariety E isétale over the weight space at the p-stabilization of Π corresponding to the ordering e 1 ,e 2 . Remark 2. The assumption that π satisfy the hypotheses of Theorem 8(2), i.e., that various Sym k π be automorphic over F is necessary for our computations. Ongoing work of Clozel and Thorne provides the automorphy of such symmetric powers when k is small.
Potential automorphy results would allow us to remove this condition and we would get formulae similar to those in Theorem C and D without the assumption of modularity of symmetric powers. However, we would need to assume the fact that after a base change to a field where the relevant symmetric power is modular the eigenvariety is etale over the weight space.
Remark 3. Some of the results in this paper have been used by G. Rosso to obtain similar formulae for arithmetic L-invariants for Siegel-Hilbert modular forms and their adjoint representations in full monodromy rank case.
The paper is organized as follows. In Section 1, we describe Benois' definition of the arithmetic L-invariant and triangulations in p-adic families. In Section 2, we study Galois representations attached to Hilbert modular forms and functorial transfers to unitary and symplectic groups. Then, in Section 3, we describe the unitary and symplectic eigenvarieties and global triangulations of certain analytic Galois representations. In section 4, we prove Theorems A through D. Finally, the appendix discusses some plethysm for GL(2), relating the B n,k,i to inverse Clebsch-Gordan coefficients and proving an explicit formula for them. Some basic notation. Throughout this article, p denotes a fixed odd prime. We will use L to denote a finite extension of Q p . By a p-adic representation of a group G, we mean a continuous homomorphism ρ : G → GL(V ), where V is a finite-dimensional vector space over L. Let μ p ∞ denote the set of p-power roots of unity and let χ denote the p-adic cyclotomic character giving the action of whatever appropriate Galois group on it. Let Γ K denote the Galois group Gal(K(μ p ∞ )/K) ∼ = Z × p and let γ denote a fixed topological generator of Γ K . If F is a field, G F denotes its absolute Galois group and H • (F, −) = H • (G F , −) denotes it Galois cohomology. We fix an isomorphism C ∼ = Q p which gives an identification between the set of infinite places F → C and pairs (v, τ ) where v | p and τ is an embedding τ :
Terwilliger for pointing us to the reference [CFS95] that lead us to the closed-form expression for the B n,k,i .
(ϕ, Γ)-modules and L-invariants.
This section contains a review of some pertinent content from [Ben11, Liu15] . We refer the reader to these articles for further details.
1.1.
(ϕ, Γ)-modules over the Robba ring. Let K/Q p be a finite extension and denote by K the maximal unramified subextension of
For a real number r with 0 ≤ r < 1 denote by R r K the set of power series f (x) = k∈Z a k x k holomorphic for r ≤ |x| p < 1 with a k ∈ K . Let R K = r<1 R r K be the Robba ring (over K). The Robba ring carries natural actions of a Frobenius, ϕ K , and Γ K . These actions act semilinearly on the coefficients of
More generally, if S is an affinoid algebra over
. Extending the actions of ϕ K ⊗ 1 and τ ⊗ 1 linearly, we get actions of (ϕ K , Γ K ) on R K,S ; i.e., this should be thought of as the Robba ring over K with coefficients in S. 
is a vector bundle D S (coherent, locally free sheaf) over R K,S of finite rank, equipped with a semilinear Frobenius, ϕ D S , and a semilinear action of Γ K , commuting with each other, such that ϕ *
A (ϕ, Γ K )-module D S is said to be trianguline if there exists an increasing (separated, exhaustive) filtration Fil • D S such that the graded pieces are of the form R K,S (δ) ⊗ S M for some continuous δ : K × → S × and locally free onedimensional M over S with trivial (ϕ, Γ K ) actions.
There is a functor D † rig,L associating to an L-linear continuous representation of 
There exist functors D cris (resp. D st ) attaching to a (ϕ,
It is a theorem of Ruochuan Liu [Liu08] that the Galois cohomology H • (K, V ) can be computed as
The Bloch-Kato local conditions
and H 1 st (K, V ) (analogously defined) can also be computed directly using Herr's complex.
depending only on cl(a, b), endowed with Frobenius and Γ K -action defined by
be the set of semistable extensions (defined analogously). Then
We end with the following computation of Benois [Ben11, Proposition 1.5.9] in the special case when
. This allows us to define the map
) have rank 1.
Regular submodules and the Greenberg-Benois
, ρ is unramified outside a finite set of places and it is potentially semistable at p. Let S be a finite set of places containing the ramified ones as well as p and ∞. We give an overview of Benois' definition of the arithmetic L-invariant of V . His definition requires five additional assumptions (C1-5) on V described below. We also discuss L-invariants of representations of G F , where F is a number field. We end by proving a lemma we later use in our computations of L-invariants.
, where I denotes the inertia subgroup of G Q . When = p, the Bloch-Kato local condition
, where Q S is the maximal extension of Q unramified outside of S. Define the Bloch-Kato Selmer group of V as
which does not depend on the choice of S. As in [Ben11, Section 2.1.2] we will assume: 
and M 1 have equal rank and the sequence 0
One has
and
The (dual of the) Poitou-Tate exact sequence gives an exact sequence
where V * = Hom(V, Q p ) and A ∨ = Hom(A, Q/Z). Assumptions (C1) and (C2) above imply that
contains the e D -dimensional subspace
to be the set of classes whose image in
lies in
. For
it suffices to study each induction Ind 
Proof. Since
the maps ι f , ι c , π f , and π c are direct sums of the maps
Refined families of Galois representations.
Lemma 4 provides a framework for computing arithmetic L-invariants as long as one is able to produce cohomology classes c ∈ H 1 (D, Ind Q F ρ) and compute their projections to
We will produce such cohomology classes using analytic Galois representations on eigenvarieties and we will compute explicitly the projections (in effect the a v and b v of Lemma 4) using global triangulations of (ϕ, Γ)-modules.
We recall here the main result of [Liu15, Section 5.3] on triangularization in refined families. Let L be a finite extension of Q p . Suppose X is a separated and reduced rigid analytic space over L and V X is a locally free, coherent O X -module of rank d with a continuous O X -linear action of the Galois group G K where K/Q p is a finite unramified extension with uniformizer K . The family V X of Galois representations is said to be refined if there exist
, and a Zariski dense set of points Z ⊂ X such that:
(1) for x ∈ X and any embedding τ : K → Q p the Hodge-Tate weights of
for z ∈ Z, the representation V z is crystalline, (3) for z ∈ Z and any embedding τ :
the eigenvalues of ϕ acting on D cris (V z ) are distinct and equal to
It is determined by the condition that the eigenvalue of ϕ cris on
THEOREM 5. If z ∈ Z is regular and noncritical, then in an affinoid neighborhood U of z, V U is trianguline with graded pieces isomorphic to
Remark 6. In fact, [Liu15, Theorem 5.45] shows that V x is trianguline at all x ∈ X, but the triangulation is only made explicit over a proper birational transformation of X.
Symmetric powers of Hilbert modular forms.

Hilbert modular forms and their Galois representations.
Let F/Q be a totally real field of degree d and let I ⊆ Hom Q (F, C) be a parametrization of the infinite places. We fix an embedding ι ∞ : Q → C thus identifying I with a subset of Hom Q (F, Q). We also fix ι p : Q → Q p which identifies Hom Q (F, Q p ) with Hom Q (F, Q). This determines a partition I = v|p I v . Let v be a uniformizer for F v and e v be the ramification index of
Before defining Hilbert modular forms, we need some notation on representations of GL(2, R). Recall that the Weil group of R is W R = C × {1,j} where j 2 = −1 and jz = zj for z ∈ C. For an integer n ≥ 2, let D n be the essentially discrete series representation of GL(2, R) whose Langlands parameter is ϕ n :
. The representation D n is unitary and has central character sign n and Blattner parameter n. More generally, if t ∈ C, the representation D n ⊗|det | t has associated Langlands parameter
where
This is equivalent to the fact that π i has Langlands parameter z → |z| −w (z/z)
Hilbert modular variety (cf. [RT11, Section 3.1.9]). When F = Q and w = 2 − k we recover the usual notion of an elliptic modular form of weight k.
If p is a prime number, then (by Eichler, Shimura, Deligne, Wiles, Taylor, Blasius-Rogawski) there exists a continuous p-adic Galois representation
When v p this follows from the work of Carayol [Car86] and when v | p from the work of Saito [Sai09] and Skinner [Ski09] . Finally, fixing a place v | p and an embedding τ : F v → Q p we denote by i | ∞ the corresponding infinite place. Then the Hodge-Tate weights of
(For weight k elliptic modular forms with w = 2 − k this amounts to Hodge-Tate weights 1 − k and 0.)
We end this discussion with the following result on the irreducibility of symmetric powers. Proof. First, the remark at the end of [Ski09] shows that ρ π,p is irreducible. We will apply [Pat12, Proposition 1.0.14] to ρ π,p which states that an irreducible Galois representation of a compatible system is of the form Ind(τ ⊗ σ) where τ is Lie irreducible and σ is Artin. Since π is not CM, the irreducibility of ρ π,p implies that ρ π,p is either Lie irreducible or Artin. But π is cohomological and ρ π,p | G Fv has Hodge-Tate weights 0 and 1 − k v < 0 and so it cannot be Artin. Finally, the restriction of ρ π,p to any open subgroup will contain SL(2, Q p ). Since the symmetric power representation of SL(2) is irreducible, it follows that the restriction of Sym n ρ π,p to any open subgroup will be irreducible.
p-adic
Hodge theory of Hilbert modular forms. As previously discussed, p-adic L-functions are expected to be attached to Galois representations and a choice of regular submodule. In this section, we will describe the possible regular submodules in the case of twists of symmetric powers of Galois representations.
Suppose F is a totally real field and π is a cohomological Hilbert modular form of infinity type
We will classify the regular submodules of D st (V 2n,v ) in the case when p is unramified in F and π is Iwahori spherical at places v | p.
Local-global compatibility describes the representation ρ π,p | G Fv completely whenever v p, but not so when v | p. We now make explicit the possibilities for the p-adic Galois representation at places v | p and in the process we choose a suitable regular submodule of D st (V 2n,v ).
For an unramified extension K/Q p and a semistable If
and the proper filtered piece is given by
represented by a diagonal matrix while the monodromy is upper triangular with off-diagonal entries 2n, 2n − 1,... ,1. The
and hence is (n + 1)-dimensional. Thus, a regular submodule must be n-
There are now two possibilities. Either the local representation V splits as
cycl , where μ is unramified, or V is indecomposable. The former case is expected to occur only when π is CM.
If V splits then π v is ordinary and D *
If V is not split, we will assume that α/β ∈ μ ∞ . Then, we choose e 1 and e 2 to be eigenvectors of ϕ so that D *
Moreover, we can scale e 1 and e 2 so that the one-dimensional filtered pieces are e 1 + e 2 . We remark that V is reducible if and only if it is ordinary. Again taking f i = e 
In all cases, we have
Automorphy of symmetric powers.
Let π be a cuspidal automorphic representation of GL(2, A F ) over a totally real field F as in Section 2.1. We say that Sym n π is (cuspidal) automorphic on GL(n + 1,
A cuspidal representation σ of GL(2, A F ) is said to be dihedral if it is isomorphic to its twist by a quadratic character, in which case there exists a CM extension E/F and a character ψ : Remark 9. Results on the automorphy of Sym n π for small values of n have been obtained by Clozel and Thorne assuming conjectures on level raising and automorphy of tensor products. Potential automorphy results follow from automorphy lifting theorems.
Functorial transfers to unitary and symplectic groups.
To compute L-invariants, we use p-adic families of Galois representations. However, since GL(n) for n > 2 has no associated Shimura variety, to construct p-adic families of automorphic representations, we transfer to unitary or symplectic groups.
We begin with GSp(2n). Let ω 0 be the n × n antidiagonal matrix with 1-s on the antidiagonal and let GSp(2n) be the reductive group of matrices X ∈ GL(2n) such that X T JX = ν(X)J where J = ω 0 −ω 0 and ν(X) ∈ G m is the multiplier character. The diagonal maximal torus T consists of matrices t(x 1 ,... ,x g ,z) with
1 ) on the diagonal. The Weyl group W of GSp(2n) is S n (Z/2Z) n and thus any w ∈ W can be written as a pair w = (ν, ε) where ν ∈ S n is a permutation and ε : {1,... ,n} → {−1, 1} is a function. The Weyl group acts by conjugation on T and (ν, ε) takes t(
We choose as a basis for X • (T ) the characters e i (t(x i ; z)) = x i z −1/2 and e 0 ((x i ; z)) = z 1/2 . Let B be the Borel subgroup of upper triangular matrices, which corresponds to the choice of simple roots e i − e i+1 for i < n and 2e n . Half the sum of positive roots is then ρ = n i=1 (n + 1 − i)e i . The compact roots are ±(e i − e j ) and so half the sum of compact roots is ρ c = n i=1 (n − 2i + 1)/2e i . This gives the relationship between Harish-Chandra and Blattner parameters for GSp (4) 
Proof. When F = Q and the weight is even this is [RS07, Theorem A ]. Ramakrishnan remarks that the proof of this result should also work for totally real fields. We give a proof using Arthur's results on the discrete spectrum of symplectic groups.
Let σ be the cuspidal representation of GL(4, A F ) whose L-function coincides with that of Sym 3 π.
has a pole at s = 1 (for example because Sym 4 π is cuspidal automorphic) so [GT11, Theorem 12.1] shows that there exists a globally generic (i.e., having a global Whittaker model) cuspidal representation Π g of GSp(4, A F ) strongly equivalent to σ, and thus to Sym 3 π. For every infinite place τ the representation Π g τ will be a generic (nonholomorphic) discrete series representation. Let ψ be the global A-parameter attached to Π g ; since Π g is globally generic with cuspidal lift to GL(4), ψ will be simple generic and therefore the Aparameter ψ is in fact an L-parameter and the component group of ψ is trivial. Let
Arthur's description of the discrete automorphic spectrum for GSp(4) implies that Π is an automorphic representation (for convenience, see [Mok14, Theorem 2.2]). Since the representations Π τ at infinite places τ are discrete series, they are also tempered and so [Wal84, Theorem 4.3] implies that Π will also be cuspidal. By construction, Π will be strongly equivalent to Sym 3 π. It remains to compute the Harish-Chandra parameter of Π τ . Let ϕ π τ and ϕ Π τ be the Langlands parameters of π τ respectively Π τ . Then ϕ Π τ = Sym 3 ϕ π τ and so
The recipe from [Sor10, Section 2.1.2] shows that the L-packet defined by ϕ Π τ consists of the holomorphic and generic discrete series with Harish-Chandra pa-
For higher n one does not yet have transfers from GL(n) to similitude symplectic groups, although one may first transfer from GL(2n + 1) to Sp(2n) and then lift to GSp(2n Proof. We will use [GRS11, Theorem 3.1] to produce an irreducible cuspidal globally generic functorial transfer τ of a cuspidal self-dual representation π of GL(2n + 1, A F ) to Sp(2n, A F ), and all citations in this paragraph are from [GRS11] . In the notation of Section 2.3 the group H is taken to be the metaplectic double cover Sp(4n + 2) of Sp(4n + 2) (this is case 10 from (3.43)) in which case, in the notation of Section 2.4,
2 ,s) which has a pole at s = 1 since π ∼ = π ∨ . Let E π be the irreducible representation of H(A F ) of Theorem 2.1 generated by the residues of certain Eisenstein series attached to the representation π thought of as a representation of the maximal parabolic of H. One finds τ as an irreducible summand of the automorphic representation generated by the Fourier-Jacobi coefficients of E π where, in the notation of Section 3.6, one takes γ = 1. The fact that τ is cuspidal and globally generic and a strong transfer of π then follows from Theorem 3.1.
Next, Arthur's global classification of the discrete spectrum of Sp(2n) [Art13, Theorem 1.5.2] implies that there exists a cuspidal automorphic representation τ which is isomorphic to τ at all finite places and the representation τ ∞ is a holomorphic discrete series in the same L-packet at τ ∞ .
Finally, Proposition 12.2.2, Corollary 12.2.4 and Proposition 12.3.3 (the fact that π is the symmetric 2n-th power of a cohomological Hilbert modular form implies that hypothesis (2) of this proposition is satisfied) of [Pat12] imply the existence of a regular algebraic cuspidal automorphic representation σ of GSp(2n, A F ) such that if v is either an infinite place or a finite place such that σ v is unramified then σ v | Sp(2n,F v ) contains τ v . Moreover, the discrete series σ ∞ is holomorphic or else its restriction to Sp(2n, R) would not contain the holomorphic discrete series τ ∞ .
One reason to seek a formula for symmetric power L-invariants in terms of p-adic families on a certain reductive group is that it might yield a proof of a trivial zero conjecture for symmetric powers of Hilbert modular forms following the template of the Greenberg-Stevens proof of the Mazur-Tate-Teitelbaum conjecture. This method for proving such conjectures requires the existence of p-adic L-functions for these p-adic families. Whereas there has been little progress towards such p-adic families of p-adic L-functions on symplectic groups in general, the work of Eischen-Harris-Li-Skinner is expected to yield such p-adic L-functions in the case of unitary groups. We will therefore present a computation (however, under some restrictions) of the symmetric power L-invariants using unitary groups. 
Proof. There exists
is ramified over F only at w 1 or w 2 (or both) and v | p splits completely in E.
Since Sym n π is Iwahori spherical it follows that Π is Iwahori spherical. Moreover, if v is a ramified place of E/F , π v is special by assumption and thus Π v is the base change from U of a square integrable representation. Finally, at every finite place Π v is either unramified or special. Therefore, the hypotheses of Conjecture 12 are satisfied and the conclusion follows.
It remains to show that Π ∼ = Sym n BC E/F π is cuspidal automorphic. Writing Since a real place v of F splits completely in E, the L-parameter of (Ind F E τ ) v is the direct sum of the Lparameters of the local components of τ at the complex places over v. Therefore τ is regular algebraic, necessarily cuspidal, representation of GL(2, A E ). Galois representations have been attached to such cuspidal representations by Harris-LanTaylor-Thorne, although one does not need such a general result; indeed, by twisting one may guarantee that the central character of τ is trivial in which case the Galois representation has been constructed by Mok [Mok14] .
If π E is icosahedral, i.e., Sym 6 π E is not cuspidal but all lower symmetric powers are cuspidal then Sym 6 π E = η η where η is a cuspidal representation of GL(3, A F ) and η is a cuspidal representation of GL(4, A F ) (cf. we may write Sym 4 π E = η η where η is a regular algebraic cuspidal conjugate self-dual representation of GL(2, A E ) and η is a regular algebraic cuspidal conjugate self-dual representation of GL(3, A E ) yielding a contradiction as above.
p-adic families and Galois representations.
As previously mentioned, we will compute explicitly the arithmetic L-invariants attached to V 2n using triangulations of (ϕ, Γ)-modules attached to analytic Galois representations on eigenvarieties. Which eigenvariety we choose will be dictated by the requirement that the formula from Lemma 4 needs to make sense. This translates into a lower bound for the rank of the reductive group whose eigenvariety we will use. In this section we make explicit the eigenvarieties under consideration and the analytic Hecke eigenvalues whose derivatives will control the arithmetic L-invariant. (
1) there exists a dense set of points Σ ⊂ E and (2) for every point z ∈ Σ there exists an irreducible cuspidal representation π z of G(A Q ) of weight w(z), with Iwahori spherical local representations at places over p, and a p-stabilization ν z such that θ(T ) is the normalized eigenvalue of T ∈ H on ν z and
(3) there exists z 0 ∈ Σ such that π z 0 = π and
Suppose F is a totally real field in which p splits completely and G/F is a split reductive group over F . Let G = Res F/Q G be the Weil restriction of scalars. Then a cuspidal automorphic representation π of G(A F ) can be thought of as a cuspidal representation of G (A Q ) and we may apply Urban's construction above. Let T be a maximal torus of G and 
where θ v (U t ) is the eigenvalue of U t on π v renormalized by the weight λ v . If Φ, Φ + and Ψ are the set of roots, positive roots, and simple roots of G /Q p with respect to a Borel, then the set of roots, positive roots, and simple roots of G are i Φ,
In the next sections, we will make explicit first what noncritical slope means in the case of the groups under consideration, and second, the relationship between the renormalized action of Hecke operators on p-stabilizations and their action on smooth representations of p-adic groups. The latter will allow us to study global triangulations of Galois representations in terms of analytic Hecke eigenvalues.
Eigenvarieties for Hilbert modular forms. Suppose π is a cohomological Hilbert modular form of infinity type
The simple roots of GL(2) /F are of the form (1, −1) i where i is an infinite place. As ((−w + k − 2)/2, (−w − k + 2)/2) · (1, −1) = k − 2, the refinement ν has noncritical slope if and only if
We remark that for modular forms of weight k (with w = 2 − k) this is the usual definition of noncritical slope. 
LEMMA 15. Let π be a cohomological Hilbert modular form, ν a refinement of π of noncritical slope as above, and E → W Urban's eigenvariety around (π, ν). Shrinking W if necessary, there exists an analytic Galois representation ρ
we get an analytic function on E such that for z ∈ Σ, the eigenvalues of ϕ cris are
Then for z ∈ Σ, κ 1,v,τ (z) < κ 2,v,τ (z) are the Hodge-Tate weights of the crystalline representation ρ π z ,p | G Fv and the eigenvalues of ϕ cris are
and F 2 (z) τ ( v ) κ 2,v,τ (z) which implies that ρ E | G Fv admits a refinement as desired.
COROLLARY 16. Let π be as in Lemma 15. For v | p, assume that π v is Iwahori spherical; if π v is an unramified principal series assume that α v = β v . Then there exists a global triangulation
Proof. We only need to check that the refinement attached to the triangulation of ρ π,p | G Fv is noncritical and regular by Theorem 5. Noncriticality is immediate from the requirement that the Hodge-Tate weights be ordered increasingly (cf. [Liu15, Section 5.3]). Regularity is equivalent to the fact that ϕ cris has distinct eigenvalues, i.e., that α v = β v .
Eigenvarieties for GSp(2n). Suppose F/Q is a number field in which
p is unramified, n ≥ 2 an integer, and π a cuspidal automorphic representation of GSp(2n, A F ) such that for v | ∞ (writing v | p for the associated place above p) the representation π v is the holomorphic discrete series representation with Langlands parameter, under the 2 n -dimensional spin representation GSpin(2n + 1, C) → GL(2 n , C), uniquely identified by
where ε : {1, 2,... ,n} → {−1, 1}. If V μ is the algebraic representation of GSp(2n) with highest weight 
where the exponent depends on whether ε(ν(j)) = 1 or −1.
In particular, the Hecke operators
Here
Proof. The proof is inspired by [GT05, Proposition2n 3.2.1]. Indeed, the Iwahori decomposition gives GSp(2n, F v ) = ∪ w∈W Bw Iw. Writing e w for w ∈ W the function defined on the cell Bw Iw gives a basis for μ Iw and the fact that the Hecke action is upper triangular with respect to the basis {e w } in the Bruhat ordering is the first part of the proof of [GT05, Proposition 3.2.1]. The computation of the diagonal elements only requires replacing the parahoric subgroup by the Iwahori subgroup and therefore the quotient of the Weyl group by the Weyl group of the parabolic with the whole Weyl group.
Let χ = χ ⊗ δ 1/2 where δ is the modulus character of the upper triangular Borel subgroup, given by δ(t) = |ρ(t)| 2 p . Write w χ(t) = δ 1/2 (t)δ 1/2 (w −1 tw) χ(w −1 tw) and w χ(t) = χ(w −1 tw). Let S be the Satake isomorphism from the IwahoriHecke algebra to the spherical Hecke algebra of the maximal torus T . Analogously to the second part of [GT05, Proposition 3.2.1], the eigenvalue of U t on the one-dimensional subspace of μ Iw generated by e w is equal to w χ(S(t)) = δ 1/2 (t)χ(w −1 tw). We now make explicit these eigenvalues. Re-
where the exponent depends on whether ε(ν(j)) = 1 or −1. We remark that in the final computation of L-invariants the constants c i,ν,ε do not matter. Proof. Recall Urban's convention that θ(U v,t ) = |λ v (t)| −1 p a v,t where a v,t is the U v,t eigenvalue on the refinement ν. The condition that ν have noncritical slope is that
for every simple root α of Res F/Q GSp(2n). This is equivalent to 
The result is now immediate as the right-hand side of the inequality does not change with m.
Before discussing analytic Galois representations over Siegel eigenvarieties we explain how to attach Galois representations to cohomological cuspidal automorphic representations of GSp(2n, A F ) for a totally real F using the endoscopic classification of cuspidal representations of symplectic groups due to Arthur, which is conditional on the stabilization of the twisted trace formula.
THEOREM 19. Let π be a cuspidal representation of
(1) If n = 2 there exists a spin Galois representation ρ π,spin,p : 
Next, if τ is a cuspidal automorphic representation of GL(k, A F ) with cohomological weight ⊕(a v,1 ,... ,a v,k ) and τ ∨ ∼ = τ ⊗ χ for some Hecke character χ such that χ v (−1) is independent of v then by [BLGHT11, Theorem 1.1] there exists a continuous Galois representation We will apply this to (a suitable twist of) Π i and denote ρ Π i the resulting Galois representation. We define
First, from the description of Hodge-Tate weights above in the case of GL(k) it is immediate that the Hodge-Tate weights of the crystalline representation ρ π 0 ,p | G Fv for v | p are the entries of the Harish-Chandra parameter of π 0,v for the corresponding v | ∞. Each Galois representation ρ Π i was twisted by | · | (k i −1)/2 so that localglobal compatibility holds without twisting. As a result, the eigenvalues of ϕ cris on 
std admits a refinement in the sense of Section 1.3.
In the case n = 2, if ρ π,spin,p is irreducible one obtains an analogous analytic spin Galois representation ρ E,spin :
Proof. We will follow the proof of Lemma 15. First, the existence of ρ E,spin and ρ E,std follows analogously.
Next, we need to show that if π v is Iwahori spherical at v | p then there is a dense set of points
Let z ∈ Σ and let π z be the associated cuspidal representation. Suppose π z,v is not unramified. Since it is Iwahori spherical it follows from [Tad94, Theorem 7.9] that for every v | p, π z,v = Ind χ where χ = χ 1 × ··· × χ n σ such that one of the following is satisfied:
(1) χ 2 i = 1 but χ i = 1 for at least 3 indices i, 
where the last equality comes from the fact that det
The functions θ(U v,i ) are analytic on E and so v p (θ(U v,i )) is locally constant. By shrinking E we may even assume they are constant. Since π z,v is Iwahori spherical but ramified it follows from the conditions listed above that
This, however, implies certain linear combinations of the weights μ v,τ,i and μ 0 are constant, which is a contradiction as E maps to a full-dimensional open set in the weight space.
Theorem 19 these are the Hodge-Tate weights, arranged increasingly, of z • ρ E | G Fv . By local-global compatibility the eigenvalues of ϕ cris acting on D cris (ρ π z ,p | G Fv ) are χ i (p) ±1 and 1. We will use the formulae above to construct the analytic functions F k .
Let F n+1 (z) = 1. For 1 < i < n let
. By Theorem 19 these are the eigenvalues of ϕ cris and so ρ E,std,p admits a refinement. Finally, we need to construct a refinement for ρ E,spin,p in the genus n = 2 case. The eigenvalues of ϕ cris in this case acting on
For simplicity of notation we will assume that ν = 1 and ε = 1, the other cases being analogous. (Later we will choose this refinement anyway.) Then Proof. Since the Hodge-Tate weights in the triangulation are ordered increasingly the only thing left to check is that the associated refinement is regular, i.e., that det ϕ on the filtered piece F i has multiplicity one in D cris (∧ i ρ Π ). This is equivalent to showing that for each i ∈ {1, 2, 3, 4}, each product of i terms in 
for z ∈ Σ and δ i (p) = F i from the proof of Lemma 20.
Proof. As in the previous corollary we only need to check that for each 1
Eigenvarieties for unitary groups.
One could reproduce the results of Section 3.3 in the context of unitary groups. Indeed, the endoscopic classification for unitary groups was completed by Mok and compact unitary groups of course have discrete series so all the results translate into this context, again under the assumption of stabilization of the twisted trace formula. The main reason for redoing the computations using unitary groups is work in progress of Eischen-HarrisLi-Skinner and Eischen-Wan which will produce p-adic L-functions for unitary groups.
Let F/Q be a totally real field in which p is unramified and E/F a CM extension such that each place v | p of F splits in E. Suppose U is a definite unitary group over F , in n variables, attached to E/F . Suppose π is an irreducible (necessarily cuspidal) automorphic representation π of U (A F ) of cohomological weight The main theorem of [Che09] implies that if 4 | n, which we will assume, then the conclusion of Theorem 14 holds for π and a p-stabilization ν. Moreover, if ρ π,p is irreducible then Theorem 23 implies the existence of an analytic Galois represen- 
Proof. Theorem 23 implies that at regular classical points which are unramified at v | p the analytic functions κ i give the Hodge-Tate weights of ρ E,p | G Ew . Thus it suffices to check that p κ i,τ F i gives the eigenvalues of ϕ cris at such regular unramified crystalline points. This follows from the fact that the eigenvalue of
∈ μ ∞ implies the existence of the global triangulation as in the proof of Corollary 22.
Computing the L-invariants.
Let F be a totally real field in which the prime p is unramified and let π be a non-CM cohomological Hilbert modular form of infinity type Under the hypotheses (C1)-(C4) for Ind Q F V 2n , we will compute L(V 2n , {D v }) in terms of logarithmic derivatives of analytic Hecke eigenvalues over eigenvarieties. We will assume the existence of a rigid analytic space E → W which iś etale at a weight w 0 over which one has a point z 0 ∈ E such that z 0 • ρ E,p ∼ = ψ ⊗ Sym m ρ π,p for some Hecke character ψ and some m ≥ n. We will moreover assume that z 0 corresponds to the p-stabilization of Π v coming from the pstabilization of π v that gave rise to the regular submodule D v . Assume there exists a global analytic triangulation of D † rig (ρ E,p | G Fv ) with graded pieces R(δ i ). We remark that the weight space W contains analytic functions κ i,v,τ corresponding to the infinite places (v, τ ) as v | p and τ :
Before we state the lemma about cohomology classes arising from analytic Galois representations we introduce a "trace" map acting on cohomology. Suppose F/Q is a finite extension and c ∈ H 1 (F, V ) for a G F -representation V on a finite dimensional Q p vector space. The trace Tr F/Q (c) is the image of c under the composite map
where the last middle map is the natural projection. We would like to describe 
and the natural projection on cohomology arises from the natural projection of this representation to V 2n .
One needs to check two things. The first, that the cohomology classes are unramified at v / ∈ S ∪ {w | p} follows along the same lines as [Hid07, Lemma 1.3] as S contains the ramified places of F . The second is that the image of the co-
. But Proposition 34 implies that the natural projection c u,n (in the notation of this lemma) lies entirely in the span of e i 1 e 
and this corresponds to the extension given by the pair (c u,
. Then we get the explicit formula
In the remaining sections we apply Proposition 27 to obtain explicit formulae for L-invariants for relevant symmetric powers in terms of logarithmic derivatives of analytic Hecke eigenvalues.
We will assume that F is a totally real field in which p is unramified and π is a cohomological Hilbert modular form with infinity type (k 1 ,... ,k d ; w) . At v | p we assume that π v is Iwahori spherical. In the computation of the L-invariant of V 2n we will assume that H 1 f (F, V 2n ) = 0. 
Proof. Recall from Corollary 16 that
v p 3/2 and F 2 = a v p 1/2 . The result now follows directly from Proposition 27 and the fact that B 1,1,0 = 1 and B 1,1,1 = −1.
Symmetric sixth powers.
Assume that π is not CM. Suppose for v | p such that π v is unramified that α v /β v / ∈ μ 60 . Let Π be a suitably twisted Ramakrishnan-Shahidi lift of Sym 3 π such that the chosen refinement has noncritical slope (cf. Theorem 10 and Lemma 18). Let E be Urban's eigenvariety for GSp(4) and let a v,1 and a v,2 be the analytic Hecke eigenvalues from the proof of Lemma 20. Suppose that the eigenvariety E isétale over the weight space at the chosen refinement of Π.
THEOREM 29. If u = (u 1 ,u 2 ; u 0 ) is any direction in the weight space, i.e., u 1 ≥ u 2 ≥ 0, such that the denominator below is non-zero, then
where we write Using that (B 3,3,i ) i ∼ (1, −3, 3, −1) we deduce the formula.
Symmetric powers via symplectic groups.
We remark that the results of this paragraph are conditional on the stabilization of the twisted trace formula (cf. Theorem 19).
Assume that π is not CM. Suppose for v | p such that π v is unramified that
Suppose π satisfies the hypotheses of Theorem 8(2) and let Π be a suitable (as before, from Lemma 18) twist of the cuspidal representation of GSp(2n, A F ) from Theorem 11. Let E be Urban's eigenvariety for GSp(2n) and let a v,i be the analytic Hecke eigenvalues from the proof of Lemma 20. Suppose that the eigenvariety E isétale over the weight space at the chosen refinement of Π.
THEOREM 30. If u = (u 1 ,... ,u n ; u 0 ) is any direction in the weight space, such that the denominator below is non-zero, then
where we write
Remark 31. Given that Remark 35 gives explicit values for the B n,k,i , we know there will be directions where the denominator is non-zero.
Proof. Combine the formulae for the triangulation of the standard Galois representation from the proof of Lemma 20 with Proposition 27. Finally, compute
and the result follows because all the B i can be scaled by the same factor.
Symmetric powers via unitary groups.
We remark that the results of this paragraph as well are conditional on the stabilization of the twisted trace formula.
Assume that π is not CM. Suppose for v | p such that π v is unramified that α v /β v / ∈ μ ∞ . Suppose π satisfies the hypotheses of Theorem 8(2) and Proposition 13. Let E/F the CM extension and Π the cuspidal representation of U 4n (A F ) which a transfer of a twist of Sym 4n−1 π as in Proposition 13. Let E be Chenevier's eigenvariety and let a v,i be the analytic Hecke eigenvalues from the proof of Corollary 25. Suppose that the eigenvariety E isétale over the weight space at the chosen refinement of Π.
THEOREM 32 . If u = (u 1 ,. .. ,u n ; u 0 ) is any direction in the weight space, then
.
Here B i = B 4n−1,4n−3,i is the inverse Clebsch-Gordan coefficient of Proposition 34, up to a scalar independent of i given by
Proof. Note that we cannot simply appeal to Proposition 27 as the analytic Galois representation on the unitary eigenvariety is a representation of G E and not G F . However, note that since E/F is finite and V 2m is a characteristic 0 vector space, the inflation-restriction sequence gives
We have constructed a cohomology class c u ∈ H 1 (G E,S E ,V m ) and by construction c u is invariant under the nontrivial element of Gal(E/F ) (complex conjugation acts trivially on V 2m ). Thus it descends to a cohomology class in H 1 (G F,S ,V 2m ). Since p splits completely in both E and F , this local component of the descended class is the same as that of the original class. This implies that the conclusion of Proposition 27 stays the same and the formulae follow from Corollary 25 as before.
Appendix: Plethysm for GL(2)
. Let V denote the standard twodimensional representation of GL(2) (or SL(2)) (via matrix multiplication). In this section, we study the decomposition In general, if g is a Lie algebra acting on a finite dimensional vector space W , then g acts on W ∨ by (Xf )(w) = f (−Xw). Moreover, g acts on endomorphisms f : W → W by (Xf )(w) = X(f (w)) + f (−Xw) and on W ⊗ W ∨ by X(u ⊗ w ∨ ) = (Xu) ⊗ w ∨ + u ⊗ (Xw ∨ ). We deduce that there exists a g-equivariant isomorphism W ⊗W ∨ ∼ = End(W ) sending u⊗w ∨ to the endomorphism x → w ∨ (x)u.
Let L = 0 0 1 0 and R = 0 1 0 0 be lowering and raising matrices in sl(2). We choose the basis (e 1 ,e 2 ) of V such that Lemma 33 gives an explicit map V n ⊗ V n → V 2k for k ≤ n. To make explicit the map End(V n ) → V 2k , we start with V n ∼ = V ∨ n , which is noncanonical as an isomorphism of vector spaces, but can be chosen uniquely (up to scalars) as follows to make the isomorphism g-equivariant.
Let (e ∨ 1 ,e ∨ 2 ) be the basis of V dual to (e 1 ,e 2 ), in which case the dual basis to g n,i is We remark that, as an sl(2)-representation, V m has weights {m, m − 2,... , −m} and L maps the weight w eigenspace to the weight w − 2 eigenspace, while R goes in the other direction. Moreover, the vector g n,i ⊗g ∨ n,j ∈ V n ⊗V ∨ n has weight 2(j − i) and this implies that
has (highest) weight 2k. Computationally, this vector suffices to make explicit the projection End(V n ) → V 2k . Indeed, V 2k has basis {(2k − i)!L i v 2k |i = 0,... ,2k} and this basis is proportional to the (g 2k,0 ,... ,g 2k,2k ). Thus the projection End(V n ) ∼ = V n ⊗ V ∨ n → V 2k can be computed by finding the projection of g n,i ⊗ g ∨ n,j to V 2k in terms of the basis {(2k − i)!L i v 2k |i = 0,... ,2k}, which amounts to a matrix inversion.
However, we will obtain a closed expression for the projection map using the inverse Clebsch-Gordan coefficients from Lemma 33. The endomorphism g n,i ⊗ g ∨ n,j ∈ V n ⊗ V ∨ n ∼ = End(V n ) projects to V 2k and the composite map is We arrive at the main result of this section:
PROPOSITION 34. Suppose the representation V has basis (e 1 ,e 2 ) and V n = Sym n V has basis (g n,0 ,... ,g n,n ). Suppose T ∈ End(Sym n V ) has an upper triangular matrix with (a 0 ,... ,a n ) on the diagonal with respect to this basis. Then the projection of T to V 2k is * ··· * Here, the explicit coordinate is the middle one, i.e., the coefficient of g 2k,k , and we use the usual convention that Proof. That T is upper triangular implies that it is a linear combination of the form i≤j α i,j g n,i ⊗ g ∨ n,j (here a i = α i,i ). But g n,i ⊗ g ∨ n,j has weight 2(j − i) ≥ 0 and so T ⊂ w≥0 (End V n ) w . Therefore its projection to V 2k belongs to w≥0 (V 2k ) w , which is spanned by g 2k,u for u ≤ k. This implies that the coefficients of g 2k,u for u > k are 0. Note that the projection End V n → (V 2k ) 0 to the weight 0 eigenspace factors through (End V n ) 0 → (V 2k ) 0 and so the projection of T to (V 2k ) 0 only depends on the image a i g i ⊗ g ∨ i of T in (End Sym n V ) 0 . The coefficient B n,k,i is then the coefficient of g 2k,k in the projection to V 2k of g n,i ⊗ g ∨ n,i . By the discussion above this is 
